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Abstract 

This paper has two main purposes. Firstly wc generaUse Ram's cxphcit construction 
pi] of caUbrated representations of the affine Hecke algebra to the multi-parameter case 
(including the non-reduced BCn case). We then derive the Plancherel formulae for all rank 1 
and rank 2 affine Hecke algebras including a construction of all representations involved. | 

Introduction 

In this paper we extend Ram's explicit construction of calibrated representations of affine Hecke 
algebras to the muhi-parameter case (including the non-reduced case), and we use these repre- 
sentations to derive exphcit Plancherel formulae for all rank 1 and rank 2 affine Hecke algebras, 
following the work of Opdam ([H], [T7]). 

Let us discuss the relevance and significance of each of these tasks. Affine Hecke algebras 
arise in the study of representation theory of groups G of Lie type defined over local fields such 
as Fq((t)) or Qp. If / is an Iwahori subgroup of G then complex representations of G with vectors 
fixed by / can be studied via corresponding representations of the associated affine Hecke algebra 
Jif = Cc{I\G / 1) of continuous compactly supported / bi-invariant complex valued functions 
on G (see [1], [Hj). On the one hand the representation theory of affine Hecke algebras is well 
behaved (for example, the irreducible representations of these infinite dimensional algebras are 
all finite dimensional), while on the other hand the representation theory is rather delicate (for 
instance the remarkable geometric classification of the irreducibles given in [11] is in terms of 
the iiT-theory of the flag variety). 

Affine Hecke algebras have a basis {T^ \ w E W} indexed by elements of an affine Weyl 
group W, and depend on parameters qo,...,qn (one parameter for each Coxeter generator 
So,. . . ,Sn of W). The most studied case is the 1-parameter case, where Qi = q for all i. It 
is to this case that the profound geometric classification [11] applies. In [21] Ram introduces an 
explicit combinatorial construction of the class of calibrated representations of 1-parameter affine 
Hecke algebras. Our first aim of this paper is to extend this construction to the multi-parameter 
case. These representations will be used in our calculation of the Plancherel measure for rank 2 
affine Hecke algebras. 

In the second part of this paper we prove the Plancherel Theorem for rank 1 and 2 affine 
Hecke algebras. The Plancherel Theorem is the spectral decomposition of the canonical trace 
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functional Tr : — )• C with Tr(T^) = b^^i for w in the affine Weyl group W . It is the analogue 
of the formula 

7relrrep(,i^") 

for finite dimensional Hecke algebras, where m,r are the generic degrees (see [TJ Chapter 11]). 
For affine Hecke algebras the sum becomes an integral over representations of a C*-algebra 
completion of and the weights become the Plancherel measure. 

The Plancherel Theorem has been proven in general by Heckman and Opdam [9j and Op- 
dam [T7] in a vertiable tour-de-force paralleling Harish-Chandra's work [8] on the Plancherel 
Theorem for real and p-adic Lie groups (see also Reeder [Sj). The Plancherel Theorem has 
been further developed by Delorme, Opdam, Solleveld and others ([5], [18], [IS]). Therefore we 
should explain why we consider direct calculations in ranks 1 and 2 to be of use. 

Firstly, while the general formulation of the Plancherel Theorem in [T7] is essentially explicit, 
there are some constants that are not computed (they are conjectured in \17\ Conjecture 2.27] to 
be rational numbers. Thus it seems desirable to have direct calculations in ranks 1 and 2 which 
evaluate of all constants involved. We note that recently [3] the constants have been computed 
for the classical types. 

Secondly, for some concrete applications of the Plancherel Theorem (for example, probabilis- 
tic calculations like in |20j ) it is helpful to have an explicit construction of all of the representa- 
tions involved in the Plancherel formula. For the non-expert this may be a difficult task to fulfill, 
and so we believe that the combination of both parts of this paper, with a precise matching up 
of representations and terms in the Plancherel Theorem, is of value. 

Finally we hope that the explicit calculations may in some ways serve as an introduction to 
the general theory, and illustrate the complexity involved in the sophisticated work [17] . The 
starting point and general philosophy for our derivation of the Plancherel Theorems is similar 
to that in [17] . but since we restrict to the rank 2 cases the calculations can be carried out 
by hand. The calculation takes the form of contour shifts and residue calculations in multiple 
contour integrals. 

1 Definitions and setup 

1.1 Root systems and Weyl groups 

Let R be an irreducible (not necessarily reduced) finite crystallographic root system with simple 
roots ai, . . . , a„ in an n-dimensional real vector space V with inner product (•,•). Let be 
the set of positive roots relative to the simple roots ai, . . . ,an- Let Wq be the Weyl group; 
the subgroup of GL{V) generated by the reflections Sa, a G R, where So(A) = A — (A,a)a^ 
with = 2a/{a,a). Thus Wq is a Coxeter group with distinguished generators 
(where Si = s^J. Let wq be the (unique) longest element of Wq. The dual root system is 
i?^ = {a^ \ a £ R}. The corrot lattice Q and the coweight lattice P are 

Q = Z-span of R^ and P = TLbJ\ © • • • © Za;„, 

where wi, . . . , w„ are the fundamental coweights defined by {ai,ujj) = 5ij. The cone of dominant 
coweights is P"^ = Z>oi^i©- • •©Z>oWn. Then Q Q P, and Wq acts on lattices L with Q Q L P. 
The affine Weyl group associated to R and L is 

Wl = Lxi Wq, 
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where we identify A G L with the translation t\{x) = x + X. Let f be the highest root of R, and 
let So = t^vs^. Let S = {sq, . . . , Then Wq = (S) is a Coxeter group, and 

Wl = Wq X (L/Q), where L/Q is finite and abelian. 

The length i{w) of w £ Wq is the minimum i > such that w can be written as a product 
of £ generators in S. The length of w S Wl is defined by i{w) = l{w'), where w = ui'j with 
w' S Wq and j £ L/Q. Thus elements of L/Q have length zero. 
Write R = RiU R2U R3 with 

Ri = {a € R \ a/2 ^ R and 2a (/ R}, R2 = {a€ R\2a€ R}, R3 = {a € R \ a/2 e R}. 

These sets are pairwise disjoint, and if R is reduced then Ri = R and R2 = R3 = 9- Define 

Rq = Ri U R2- 

The inversion set oi w W is R{w) = {a G i?^ | w'^a G —Rq}. By |2l VI, §1] we have 

R{w) = {ajj, Sijajj, . . . , • • • Sj^ -^Oj^} whenever w = • • • is reduced. (1.1) 

For each rank n > 1 there is exactly one irreducible non-reduced root system (up to isomor- 
phism). This is the BCn system, and it can be realised in M" by 

R = ±{ej — Cj, Cj + Cj, Cfc, 2efc \ l<i<j<n and 1 < A; < n}, 

where the simple roots are = Cj — e^+i for 1 < i < n and a„ = e^- The coroot lattice is 
spanned by a^, . . . , a'^_i, a'^/2, and we have P = Q. Then i?o is a root system of type Bn with 
simple roots ai, . . . , a„. 

1.2 Parameter systems and rational functions 

Let 

QOj Qii ■ ■ ■ iQn > 1 be numbers such that — qj whenever Sj and sj are conjugate in Wq. 
We call the sequence (qi) a parameter system. By [21 IV, §5, No. 5, Prop 5] the product qi^ - ■ ■ qi^ 
does not depend on the reduced expression Sj^ • • • Sj^, and we define 

qw = q^--- Qii if = • • • Si^ e Wq is reduced. 

If a G Woai n Woaj then Si and Sj are conjugate in Wq, and hence for a £ Rq we define 

qa = qi iiaeW^ai. 

Let C[L] = C-span {x'*' | A G L} be the group algebra of L, with the group operation written 
multiplicatively as x^x^ = x^^^. Let da{x) = 1 — x~° , and let 

il-Qa' ifaGiJi 



riaix) 
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l-g-^x-"" ifaG-Ri 

(1 - go '/''Zn'/'x-"V2)(l + gy2^-V2^-«v/2) ^ ^ 

In the field of fractions of C[L] let 

Oa(a;) = ■ , s and Cq,(x) = . 

We write ai{x) for aQ,-(j;), and similarly for 6j(a;), Ci(rE), dj(x) and ni{x). Let 

c(3;) = Ca{x), n{x) = nQ,(x), d{x) = JJ do(x). 

aeRj oe-R,| qG-Rq 

The expression c(x) = n[x)/d{x) is the Macdonald c- function. 
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1.3 AfRne Hecke algebras 

Standard references for affine Hecke algebras include [T2j, |13j and |15j . With the above notation, 
the affine Hecke algebra J^l with parameters qq, . . . ,qn is the algebra over C with vector space 
basis {Tw \ w £ Wl} and relations 

Tu% = Tuv if e{uv) = l{u) + l{v) 

T^ = l + {qf - qP)Ti for alH = 0, 1, . . . , n, 

where we write Tj = Tg-. 

The above presentation is the Coxeter presentation of J^l. The Bernstein presentation 
exploits the semidirect product structure Wl = L x Wq. Each X £ L can be written as X = ii — v 
with fj.ji' G L n P"*", and we define 



= TtT~^. 



It is not hard to see that this is well defined, and in particular x = Tt^ if A is dominant. 

It can be shown [13] that J^l has vector space basis {T^x^ \ X £ L,w £ Wq} and relations 

= l + {qf -qf^)T, for z = 1, . . . , ?i (1.2) 

TiTjTi ■ ■ ■ = TjTiTj ■ ■ ■ {rriij factors) for 1 < i < j < n (1-3) 

x^x^" = a;^+^ for ah X, fj. £ L (1.4) 



TiX^ - x'^^Ti = qj aiix)- ^ for 1 < i < n and A G L. (1.5) 

1 — X 

Thus we see a copy of the group algebra C[L] of the lattice L inside of M'l. The relation (II. 5p 
is the Bernstein relation. Since SjA = A — (A, ai)a)- and (A, Oj) G Z the fraction that appears in 
the Bernstein relation is actually an element of C[L]. 
It is well known that the centre of M'l is 

C[L]^o = {/ G C[L] I • / = / for ah u- E Wq}. 

This has powerful implications for the representation theory of J^. For example it forces 
the irreducible representations to be finite dimensional, since it is evident that M'l is finite 
dimensional over C[L]'^o. 

It is natural to seek modifications of which satisfy a "simplified Bernstein relation" 

Ty,x^ = x'^^Ty, for all w£Wq and A G L. (1.6) 

Define elements ti , . . . , r„ G J^l by 

r, = {l-x~°'^)Ti-ai{x). 

The Bernstein relation gives TiX^ = x^'-^Ti, and it can be shown (see Proposition 2.7] for 
example) that for w G Wq the product 

independent of the choice of reduced expression w = Si-^^ ■ ■ ■ Si^. 

Thus the elements t^, w £ Wq, satisfy (II. 6p . and a direct calculation gives the useful formula 

= qi7ii{x)ni{x-^) £C[L]. (1.7) 
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1.4 Harmonic analysis for the afRne Hecke algebra 

Define an involution * on and the canonical trace functional Tr : J^l — ?■ C by 

i ^ Cy,T^j = ^ c^T^-i and Trf ^ c^T^ j = ci. 

An induction on l{v) shows that Tr(T„r^) = bu^v for all u,v £ Wl, and so 

Tr(/ii/i2) = Tr(/i2/ii) for ah /ii, /12 G 



Thus (/ii,/i2) = Tr(/ii/i2) defines an Hermitian inner product on J^l. Let ||/i||2 = (/i, /i). The 
algebra acts on itself by left multiplication, and the corresponding operator norm is 

\\h\\ =sup{||/ix||2 : xeJeL,\\x\\2 < 1}. 

Let J^L denote the completion of J^l with respect to this norm. Thus J^l is a non-commutative 
C*-algebra. This algebra is 'liminal'. Even better, all irreducible representations of are finite 
dimensional, and so by [BJ §8.8] there exists a probability measure fi such that 

Tr{h)= I xAh)dfi{Tr) forallheJ^. (1.8) 

J spec (.iff, ) 

The measure /x is the Plancherel measure. Only those representations of which extend to 
the completion J^l appear in the Plancherel Theorem. It is known [17^ Corollary 6.2] that these 
are the tempered representations of Jlfi. 

Calculating the Plancherel measure explicitly for rank 2 algebras (including explicit con- 
structions of the required representations) is a main aim of this paper. The technique follows 
the general technique of [T7]. The starting point is the elementary trace generating function 
formula from [16j (see also [2Q]). Let us describe this formula. 

If t e IIom(L,C^) we write t^ = t{\). The Weyl group Wq acts on Hom(L,C^) by the 
formula (wt)^ = t^ Following [16], define a function Gt : J^l — )• C by 

Gtih) = Y,t~^TT{x''h) (1.9) 

whenever the series converges. From |16] we have the following (see [17^ (3.9)]). 

Theorem 1.1. The series Gt{h) is absolutely convergent for all h S Jifi whenever < 
for {R,i) 7^ {BCn,n) and < q^^Qn^ for {R,i) = {BGn,n). Moreover, 

Gt{h) = (1-10) 

qwoC[t)c[t ^)d(t) 

where for each fixed h the function gt{h) has a analytic continuation in the t-variable to Hom(L, ^ 
Moreover, gt{h) satisfies 

1. gt{h) is a polynomial in {t^ | A G L} (for fixed h G J^l), 

2. gt{l) = d{t) for all t G Hom(L,C^), and 

3. gtix^hx'') = t^-^f'gtih) for all X, e L and all h e J^l- 
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Remark 1.2. (a) Note that t^gt{Tw) = gt{TwX^) = 9t{x^'^'Tw) = f^^gtiTw), and so if wt t 
then 

By condition 1 in the theorem this formula holds for all t £ Hom(L, C^). 

(b) The three conditions in the theorem completely determine gt{h). For example consider 
the A2 case. It is sufficient to calculate gt{Tyj) for each w G Wq, because gt{T^x^) = t^gt{Tw)- 
Write Q = q2 — q~2 , Applying gt to the Bernstein relation Tix"i = Ti + Q{1 + ) gives 

gt{Ti) = Q(l - = Q(l - t-"^^){l - -"2'). 

Similarly, gt{T2) = Q^{1 - - 2), gt{TiT2) = gt{T2Ti) = Q^{1 - 2 ), and 

gt{TiT2Ti) = Q'^ + Q{1- t""! )(1 - making (fTTO]) completely explicit. 

Let 

m-^-§. (i.u) 

Note that ft{h) may have poles at points where t"^ = 1 for some a G i?o- Fix a Z-basis 
Ai, . . . , A„ of L. From and (fLTOD we have 

TT{h) = — [ ... f J'fl dh... dtn (1.12) 

where ti = t^'- , dti is Haar measure on the circle group T, and where ai, . . . , a„ > are chosen 
such that if t G Hom(L,C^) with = for each i then \t'^^ < qj^ (if {R,i) / {BCn,n)) 
and |K| < ^0 ^9n^ (if (^'0 = {BCn,n)). Formula (frT2D appears in |17l Theorem 3.7], and is 
the starting point of the Plancherel Theorem. 



2 Representations of affine Hecke algebras 

Each finite dimensional module decomposes into a direct sum 

M= Mf " 

tGsupp(M) 

of generalised t-weight spaces 

Mf"^ = G M I for each A G L there is a A; > such that {x^ - t^f • w = 0}, 

where supp(M) = {t G Hom(L, | Mf^ / 0} is the support of M. 

By Schur's Lemma (see [26]) the centre C[L]'^o of acts on an irreducible module M by 
a scalar. It follows that there exists t G Hom(L, C^) such that 

p{x) . V = p{t)v for all p{x) G C[L]'^° and all v G M. 

The element t is only defined up to Wq orbits. The orbit WqI is called the central character 
of M, although as is customary we will usually refer to any t' G W^t as 'the' central character 
of M. A central character t G Hom(L, C^) is called regular if 7^ 1 for all a G i?o- 
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2.1 Principal series representations 

The large commutative subalgebra C[L] of can be used to construct finite dimensional rep- 
resentations of The principal series representation with central character t £ Hom(L, C^) 
is 

M{t) = lnd^(i^{Cvt) = ®c[L] [^vt), 

where 'C.vt is the 1-dimensional representation of C[L] with -vt = t'^vt for all A G L. It is clear 
that this representation is | Wo|-di™ensional, and that {T^ ®vt\w£ VFq} is a basis of M{t). 
For t G Hom(L,C'<) define 

N{t) = {a G i?+ I nait)n^a{t) = 0} and D{t) = {a € \ dait) = 0}. 

Note that N{t) and D{t) correspond to the zeros of the numerator and denominator of the 
Macdonald c-function (respectively). The following Theorem of Kato [10^ Theorem 2.2] is fun- 
damental. 

Theorem 2.1. The principal series module M(t) is irreducible if and only if (i) N{t) = 0, and 
(a) the stabiliser oft under the action ofWo equals the normal closure of {sa \ a G D{t)}. 

If L = P then condition (ii) on the stabiliser and normal closure is automatically satisfied. 
The importance of the principal series representations is highlighted by the following fact (see, 
for example, [211 Proposition 2.6]). 

Proposition 2.2. If M is an irreducible representation of J^l with central character t then M 
is a quotient of M{t). In particular dim(Af) < |VFol- 

Thus the representation theory of M'l is relatively under control. It is our aim now to 
generalise Ram's construction of calibrated representations of to the multi-parameter case 
(including the nonreduced BCn case). 

2.2 Calibrated representations 

The arguments in this section follow [21] closely, and so we will just sketch some of the changes. 
If J C N{t) define 

Fj{t) = {weW\ R{w'^) n N{t) = J and R{w-^) n D{t) = 0}. 

Following [21], the calibration graph of t G Hom(L, C^) is the graph T(t) with vertex set 
{wt I w G Wo} and edges {wt,SiWt) if and only if ^ N{wt). By the argument in [211 
Theorem 2.14] the connected components of T(t) are precisely the sets 

{wt\w e Fj{t)} such that J C N{t) and Fj{t) / 0. (2.1) 

Remark 2.3. We note that the geometric argument in \21\ Theorem 2.14] also shows that if 
w,v £ Fj{t), and if wv~^ = Sj^ • • • Si^ is a reduced expression, then each element 

w, Si^w, Si^Si^w, Si^- ■ ■ Si^Si^w = V is in Fj(t). 

(Because the "smaller regions" in Ram's proof which correspond to the connected components 
of the calibration graph are convex in the sense that they are intersections of half spaces, and 
hence by [251 Proposition 2.8] all minimal length paths between w and v are contained in this 
region). Thus Fj{t) is 'geodesically closed' in the underlying (dual of the) Coxeter complex. 
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Proposition 2.4. If M is a finite dimensional J^i-module then 

dim(Mf ") = dim(Mf ") 
whenever t and t' are in the same connected component of the calibration graph T{t). 



en ■ 
IS 



Proof. See [211 Proposition 2.12]. If ai ^ D{t) U N{t) then the operator Tj : Mf^^ 
readily seen to be a bijection, using (11.70 . Tliis shows tliat dim(Mf'^") = dim(Mj^°") if t and t' 
are adjacent in the calibration graph, hence the result. □ 

Let Rij be the subsystem of R generated by the simple roots Oj and Uj. That is, Rij is 
the intersection of R with the Z-span of {aj,aj}. We say that a weight t G Hom(L,C^) is 
{i, j)-regular if (ti^t)"*^ ^ 1 and {wt)'^i / 1 for all G Wij = {si,Sj), and {i, j)-calibratable if 
one of the following conditions holds: 

(1) The weight t is (i, j)-regular. 

(2) Rij is of type C2 (assume ai short and aj long) with 

(a) Qi = qj and = {qi,q~^) or or 

(b) = q] and (K,*"^'') = {qj^,qj) or 

(3) is of type G2 (assume short and aj long) with 

(a) qi = qj and (t°^,t°2 ) = [qr^,qi), {qi,q~^), {qf,q~'^), {q~'^,qi), or 

(b) = qj and (K,t"J) = (q|, gj^), (gT^, g,), (gjS, <;|), (^3^ ^-2)^ 

(4) Rij is of type BC2 (assume middle-length and aj short) with 

/ \ J Z+a^ +a^/2^ / "1/2 ~1/2n . _l _l 1/2 1/2. 

(a) = go^i and (t°> ,t ) = {qoqj,qQ q^ ), (^q Q'j , 9o )' or 

-1 -1 ^ +a^/2\ ^ -1 1/2 -1/2n , -1 -1/2 l/2x 

(b) qi = qoqj or gjand(r>,t ) = (% 9i,-9o 9j ), (909^ , -9o ), or 

(c) = ql^\f and (K,t"J/2) = {q-\q,),iq„qr^), or 

(d) = qo'^^y^ or g^'c?;'/' and (K,t-y/2) = (<^-i, _<^^), (g^, _g-i). 

Conditions (1), (2)(a) and (3)(a) are equivalent to Ram's definition of calibratable in the 1- 
parameter case. Note that in the BC2 case the underlying root system must be non-reduced, 
and hence is of type BCn, and necessarily 1 < i < 77, — 1 and j = n. 

The following Theorem is the natural generalisation of [211 Theorem 3.1], and the proof 
follows Ram's proof closely. 

Theorem 2.5. Let t G Hom(L, C^), and let J C N{t). Suppose that Fj{t) / and that each wt 
with w G Fj(t) is {i, j)- calibratable for each pair {ai,aj) of simple roots of R. Let Mj{t) be the 
vector space over C with basis {e^ \ w G Fj{t)}, and define linear operators Ti (i = 1, . . . ,n), 
(X € L), on Mj{t) by linearly extending the formulae 

x^eu, = {wt)^ew A G L (2.2) 



_ 1 i_ 

TiCy, = qfbi{wt)eyj + qlci{wt)es^w 1 < « < n, (2.3) 



with the convention that e^ = of v ^ Fj[t). Then the map — )• End(Mj(t)) with Ti 1— t- Tj 
and x'^ I—)- x^ defines a representation of M'l- 

Moreover, if wt 7^ w't for all w,w' G Fj{t) with w ^ w' then Mj{t) is irreducible. In 
particular Mj{t) is necessarily irreducible if L = P. 
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Proof, (a) We check that the operators Tj and x"^ satisfy the Bernstein relation. We have 



1 - 

~ i _i 

(b) We now check that the operators Tj satisfy the quadratic relation = 1 + {qf — q^ ^ )Ti- 

~ ~ 1 i 

ffey, = fi{qlbi{wt)euj + q^ Ci{wt)es^w) 



li {bi{wtf + Ci{wt)ci{siWt)) ew + qiCi{wt) {bi{wt) + bi{siwt)) eg.y, 



(c) We verify the braid relation • • • TiTjTi = ■ ■ ■ TjTiTj {rriij factors). Fix w G Fj{t). Suppose 
first that wt is (i, j)-regular. Let v G Wij. If e^^ / then (j2.3p gives 



1 



{Ti - qfbi{vwt))eyy, = q^ Ci{vwt)esivw, (2.4) 

and by Remark 12.31 this formula is also true when e^w = and i{siv) > i{v). 
Consider the product (well defined by (i, j)-regularity) 

~ i ~ i ~ i 

Aij{wt) = ■■■ {fi- qfbi{sjSiWt)){fj - qpj{siWt)){fi - q?bi{wt)) {niij factors). 

Let vq be the longest element of Wij. Repeatedly using ()2.4p and Ca{vwt) = c^-i„(tt;t) gives 

1 

Aij{wt)eu, = qvo [ca,{wt)Cs^a,{wt)Cs^s,a,iwt)Cs^s,s,ajiwt) ■ • -jc^Q^. 

By (|l.ip we have {oi, SiOj, SiSjOi, • • •} = {oj, SjUi, SjSiOj, . . .} and so Aji{wt)ew = Aij{wt)ew. 
Each V G Wij\{vo} has a unique expression as a product of simple generators, and so for v < vq 
we may unambiguously define operators = Ti^Ti^ ' where v = Si-^Si^ ' " ^ie the unique 
reduced expression for v G Wij. Expanding Aij(t) and Aji{t) and using the already verified 
quadratic relation for T, and Tj we see that there are rational functions Pv{wt) and qviwt) in wt 
such that 



Aij{wt)eiu = ■■■ fifjfiCw + ^ pv{wt)%ew 

v<vo 

Aji{wt)euj = ■■■ fjfifjew + ^2 qviwt) fyCiu, 



v<vo 

As in [21] Proposition 2.7] we have pv{wt) = q^iwi) for all v < vq, and the braid relation follows. 

We now verify the braid relation in the case where wt is (z, j)-calibratable but not 
regular. Consider the Rij = C2 case with qi = qj and {wt)"^ = qi and {wt)°'^ = q~^. By (|2.ip 
we have Fj(t) = {wt}, and so the braid relation is trivially satisfied (as Mj{t) is 1-dimensional). 
All other C2 cases are similar. In the G2 case with qi = g| and (wt)"^ = q| and {wt)°'i = qj"^ , 
by (|2.ip we compute Fj{t) = {w,Sjw}, and a direct calculation gives 

FiP-w — q^ Cw TjC^ - 

_ 1 

FiCgjW — q^ (^SjW FjCgjw ~ 
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The braid relation follows by direct calculation. The remaining G2 cases are similar (or trivial). 
Finally, in all BC2 cases we have Fj{t) = {wi} and so the braid relation is trivially satisfied. 

To conclude the proof we prove the irreducibility statements. By the construction of Mj{t) 
the generalised weight spaces of Mj(t) are Mj{t)wt, with w G Fj{t). If wt ^ w't for all 
w,w' G Fjit) with w ^ w' then each generalised weight space has dimension 1. Thus if M 
is a proper submodule of Mj{t) then there is Wjw' S Fj{t) with 7^ and M^'t = 0, 

contradicting Proposition 12.41 □ 

Remark 2.6. Recently [5] Ram's construction has been applied to study the representation 
theory of 1-parameter rank 2 affine Hecke algebras with q a root of the Poincare polynomial. One 
imagines that the construction in Theorem 12 . 5 1 could be applied to the study such representations 
in the multi-parameter case. 



2.3 Examples 



Let us consider some examples of representations constructed using Theorem 12.51 (these exam- 
ples arise in the Plancherel Theorems). Of interest, we see in the second and third examples 
that some non-calibratable modules in the 1-parameter case can be constructed from calibrated 
representations of multi-parameter algebras by making an appropriate change of basis. 

Example 1. Let J^f be a C2 Hecke algebra with L = P and parameters qi and q2 (see Section [3?5]l . 



and 



q^ so that 



I1 



and 



-1. Thus 



Let JY = 0, = {a^}, = {a^' + 2a^}, and 



Let t be the character with = 

N{ty = +2a^} and D{t) - v. - v, 

JX = {aX.aX + 2a)i}. Then Fj^{t) = {1,52}, F,j^{t) = {si,S2Si}, Fj^{t) = {siS2, S2S1S2}, and 
Fj^it) = {S1S2S1, S1S2S1S2}. Thus by Theorem 12.51 and Proposition 12.21 there are 4 irreducible 
modules with central character t, each with dimension 2. For example, the matrices for the 

_ 1 /2 1 

module Mj^{t) with respect to the basis {61,6^2} are 7r(Ti) = —q^ I, ■k{x^^) = —q^ I, and 



vr(r2 



1/2 
Q2 



1 



1 - 92'' 
l + q^' 1 



Q2^ 

12 



TTiX 



1^2 ^ 



diag(gi 



1/2 



-I1 



1/2. 



We have 7r(2;"i ) = q^^I and 7r{x"2 ) = — /. It follows that the restriction tt\^^ is not irreducible. 
Indeed tt\j^q is the direct sum of the representations vr^ and vr^ from Section [331 

Example 2. Let be a G2 Hecke algebra with L = Q = P and with parameters qi and q2 
(see Section [STU]) . Let t S Hom((5,C^) be the character with f^i = qi and = q^ ^^'^q^'^ . If 
(l\ 7^ 92 and q\ / then this character is regular, and we compute N{€f = {a(,a( + 202}- 
Thus there are 4 choices for J C N(t), and the connected components of the calibration graph 
are given by {wt \ w G Fj{t)} for these choices of J. Consider the case = {a^ + 2a2 }• We 
compute Fj{t) = {S2S1S2S1, S1S2S1S2S1, S2S1S2S1S2S1}. The matrices for vr = Mj{t) are 



^(Ti) = ql 



( 



-1 



V 



1 _ 3 
_1 _3 
1 _ 3 





1 3 



_ 3 3 

_ 1 :i 

_i 3 



7r(x°i ) = diag(g^ ^ ^2 ^ ^2 ^ , 











vr(r2 



92 



V 



-92 





7r(x"2 ) = diag((?, 



1-92 
T~ 



1 



^92 ^ 
1 _ 1 



\ 



1 _ 3 
1-9? 92^^ 

TT — r 

i-9r^92' 

TT — r 

1-91 ^92^, 



2 S?! '92'>9l 92 
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The construction breaks down when qi = q2 or when (?i = gf- These cases can be dealt with by 
a suitable change of basis in the module Mj{t). Let 



A 



/I 







1 _1 



1 



B 



1 _3 

1 








1 _ 3 

Qi Q2 ' 



After conjugating each representing matrix by A (respectively B) it is observed that the resulting 
matrices are defined at qi = q2 (respectively qi = ^2)- Setting qi = q2 = q (respectively 
qi = q^ with (72 = <?) gives a (non-calibrated) irreducible representation of the algebra =^(g, q) 
(respectively the algebra M'{q, q^))- For example, the matrices in the qi = q2 = Q case become 



7t{Ti 



7r(rE"i 




vr(T2 



7r(x°2) 














1 









-q^ 


1 






CO 


■) 




-2 







Example 3. Let be a C2 affine Hecke algebra with either L = Q or L = P and with parameters 
qi and q2 (see Sections 13.41 and I3.5p . Let t S Hom(L,C^) be a character with t"i = and 
=92- If 9i / q2 and gi / then the character t is regular, since i'^i+'^a = g[^^g2 and 
^Q^+2«2 = g^^gl- Thus we compute N{t) = {ai,a2} and D{t) = 0. There are 4 choices for 
J C N{t), namely Ji = 0, J2 = {ai}, J3 = {q!2}i and J4 = {01,02}- We compute 

Fj^{t) = {1}, F72(t) = {si,S2Si,SiS2Si}, Fj,^{t) = {S2,SIS2,S2SIS2}, Fj^{t) = {S1S2S1S2}. 

The sets {wt \ w G Fj^(t)} with i = 1,2,3,4 are the connected components of the calibration 
graph of t. Thus there are 4 irreducible modules Mj.{t) (i = 1,2,3,4) with central character t, 
with dimensions 1, 3, 3, 1 respectively. 

Consider the module Mj.^{t) (this module will appear in the Plancherel Theorem for C2). 
The matrices of Ti,T2, and relative to the basis es2-,es-i_s2-,^s2SiS2 are 



vr(ri) = ql 



( I-'?! 

\-q\q. 
1-92 



-1 



\ 



1 



\ 




^(^2 



^2 



/-92 




V 







\ 

1 -2 1 —1 



1-9192 ^ 1- 

7r(x"2) = diag(g2"\g];^(?2,gig^^). 



9i ^92 





7r(rc"i ) = diag(gf^g|,glg2'^g^^) 

If L = P then oji = a\ + a)^ and uj2 = a\/2 + a^- Therefore the characters t G Hom(P, 
with = qi^ and t"2 = ^2 are those characters with f^^ 
corresponding matrices for x'^'^ and x^^ are 



^92 and = 1/2^2. The 



7r(x'^i) = diag(g^ ^^2,^2 ^92 ^) 7r(j;'^2) ^ ±diag(gi ^^^Q^^^g2 

In the cases qi = 52 or qi = g| an analogous computation to that in Example 2 can be used to 
construct (non-calibrated) irreducible representations of J^iq,q) and Jif{q,q'^). 
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2.4 Characters 

The following observations about characters will be used for the Plancherel Theorems. Let ft{h) 
be as in (fTTT]) . 

Lemma 2.7. Let vr be an irreducible representation of Jifi with central character t, and suppose 
that the character X of it satisfies 

x{twX^) = ^w,i ky{vt)'^ for all w G Wq and X G L 
veWo 

for some numbers ky G C. If t is regular then 

X{h) = ^ Kfvt{h) for all h G M'l- 

v£Wo 

Proof. Since t is regular each fvt{h) with v G Wq and h G J^l is defined. From Remark 11.21 
and the hypothesis we have x(^) = StieVFo kvfvt{h) for all h G where is the subalgebra 
of M'l with basis {r^x^ \ w gWq,\ G L}. Let A(x) = W^^R^il - x'"^^) = d{x)d{x-^). An 
induction using the formula (1 - x'^^^Ti = n + ai{x) shows that A(x)^('")T^ G J^l for ah 
w G Wq. Thus A(a;)^('")T^a;^ G for all w G VFo and A G L. Since A(x) G C[L]^o is central 
and X is irreducible we have 

A(t)^(-)x(r^x^) = x(A(x)^('")r^x^) = 5] A:„At(A(x)^(-)T^x^) = A(t)^(-) ^ k,f,t{T^x^). 

veWo vgWq 

We can divide through by A(t)^("') since t is regular. □ 

Proposition 2.8. Let xt be the character of the principal series representation M{t) of ^J^l 
with central character t. Then 

Xt{h) = fM for all h G M'l (2.5) 

where the right hand side has an analytic continuation (for fixed h G J^l) to all t G Hom(L, C^). 

Proof. Suppose first that D{t) = and that M{t) is irreducible (see Theorem 12. 1|) . Since 
D{t) = the module M{t) has basis {r^ ®vt\wG Wq}. To see this note that if = Sjj • • • Sj^ 
is reduced then the Bernstein relation gives 



n (1-*^ 



(T^ iSi Vt) + lower terms, 



where 'lower terms' is a linear combination of terms T„ (8) Vt with v < w in Bruhat order. Thus 
if D{t) = then each basis element Ty^ Cg) vt of M{t) can be written in terms of the elements 

{Ty,(^Vt\w e Wq}. 

From (jl.7p we see that the diagonal entries of the matrix for are all 0. The matrix for x^ 
is diagonal with entries (wt)^ {w G Wq) on the diagonal. Therefore 

Xt{TwX^) = 6w^i ^ (vt)^ for ah w e Wq and A G L. 

veWo 

Hence Lemma \27l\ gives ()2.5p . 
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The cases where D(t) 7^ or M(t) is not irreducible are obtained as follows. For fixed 
h G the the character Xt{h) is, by construction, a linear combination of {t'^ | A G L} and is 
defined for all t G Hom(L, C^). The right hand side of (|2.5p is a rational function in t. Thus the 
singularities of this rational function are removable singularities (even though each individual 
summand may have singularities). □ 

Proposition 2.9. Suppose that t is a regular character. Let J C N{t), and let Mj[t) he the 
module constructed in Theorem \2.5[ If Mj(t) is irreducible then its character is 

XW= Yl ^-*(^) forallhGJi-. 

w£Fj{t) 

1/2 

Proof. Since Ti ■ e^ = Qi ni{t) esiw we see that the diagonal entries of the matrix for Tyj are 0. 
Since the matrix representing is diagonal it follows that 

x{tvX^) = ^ {wt)^ for all u G Wq and A G L, 

w&Fj{t) 

and the result follows from Lemma 12.71 □ 

Lemma 2.10. Let ir be a 1- dimensional representation of with regular central character t. 
Then 

X{h) = ft{h) for all h G J^l, 

unless Jifz, is of type Cn with 7r(x"") = —1. In this case there is a 1-dimensional representation 
vr' defined by 7r'(x'*') = 7r(x''*) for all A G L, 7r'(Tj) = vr(rj) for all i ^ n, and '7r'(T„,) = q}/'^ 
(respectively —qn^^"^) i/7r(T„) = —q-n^^'^ (respectively qj/'^). Then 

^ = ft{h) for all h G Ml. 

Proof. By direct analysis of the defining relations (jl.2p - (jl.5p one sees that the central character t 
of a 1-dimensional representation necessarily has ni{t)ni{t~^) = 0, except in the Cn case with 
7r(x"") = —1. Excluding this case for the moment, it follows from (jl.7p that 7r(rj) = and 
hence t:{tuiX^) = 5«,,it^ for all w G Wq and X € L. Since t is assumed to be regular. Lemma \277\ 
gives x{h) = ft{h) for all h G M'l- 

Now consider the C2 case with 7r(x"" ) = — 1. Let vr' be the companion representation defined 
in the statement of the lemma. The proof of Lemma 12.71 applied to the representation vr © vr' 
proves the result. The fact that vr © vr' is not irreducible does not effect the proof of Lemma 12.71 
because the centre C[L]'^° of M'l acts by the same scalar on each of vr and vr'. □ 

Remark 2.11. In Proposition 12.91 and Lemma 12.101 we assumed that t is a regular central 
character. In general these results are false for non-regular central characters, even if each term 
ft{h) is defined. For example consider the G2 case with t G IIom(Q,C'^) given by = gi, 
= , If ^ q2 and qi 7^ and q^ 7^ q2 and qi 7^ then this central character is 
regular, and by Lemma [2.10l we have ft{h) = X^(^) for all h G J^, where x^ is the 1-dimensional 
representation of M' listed in Section 13.61 Suppose that qi = q2 = Q- A calculation similar 
to Remark 11.21 shows that ft{h) is defined for all h G J^, and that ft{TiT2Ti) = g^/^. But 

xHt,T2T,) = -gi/2. 
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3 The Plancherel Theorem 



In this section we state and prove the Plancherel Theorem for each irreducible affine Hecke 
algebra of rank 1 or rank 2. In each case we give the generators and relations for the algebra, 
and construct the representations that appear in the Plancherel Theorem (see the appendix for 
some explicit matrices). We then state the Plancherel Theorem, and give a proof starting from 
the trace generating function formula (jl.l2p . The proof consists of performing a series of contour 
shifts and Proposition 12.81 to write (|1.12p as 

Tr(/i) = — / TT^ dt + lower terms (3.1) 

\Wo\qwo Jjn |c(t)|2 

where the lower order terms are integrals over lower dimensional tori, and can be matched up with 
lower dimensional representations of the Hecke algebra using Proposition 12.91 and Lemma I2.10[ 
The possible pairs {R, L) with R an irreducible rank 2 root system and L a Z-lattice with 
Q C L C P are {R,L) = (^2,Q), (^2,P), {C2,Q), (C2,P), (G'2,Q), and {BC2,Q). 



3.1 The rank 1 algebras 

(1) The Ai{q), L = Q, algebra has generators T = Ti and x = with relations 

= 1 + (gl - q-^)T, Tx = x-^T + (g5 - q-l){l + x). 

Let TTt = Ind^Qj(Cft) be the principal series representation with central character t G C^, where 
X ■ vt = tvt- Let vr be the 1-dimensional representation of with 

7r(T) = — and 7r{x) = q~^. 

Let xt be the character of vrj and let x be the character of tt. 

(2) The Ai{q), L = P, algebra has generators T = Ti and x = x'^'^ with relations 

= 1 + (gl - q-^)T, Tx = x-^T + {q^ - q-^)x. 

Let TTt = Indj^p](Cu() be the principal series representation with central character t E C^, where 
X ■ Vt = tvt- Let vr^ and vr^ be the 1-dimensional representations of with 

7r^(T) = 7ri(x) = and 7r^(T) = -q^^, 7r^(x) = -q~^ . 

Let xt^ X^; and x^ be the characters of ttj, tt^, and vr^ (respectively). 

(3) The BCi{qQ,qi), L = Q, algebra has generators T = Ti, x = x^^^l"^ with relations 

T2 = 1 + {ql - q-^^)T, Tx = x~^T + {q\ - qf^)x + (^ - q~^'). 

Let TTt = Indi^Qj(Cut) be the principal series representation with central character t £ C^, where 
X • Vt = tvt- Let vr^, vr^ and vr^ be the 1-dimensional representations of with 

nHT) = -q;-' 'n\T) = -q-'^ ^\T) = q\ 

—1 _i 1 _i _i i 

■^^{x) = go '^1 ' T^'^ix) = -q^qi ' 7r^(x) = -q^ ^ q^ 

Let Xt, X^; and x? be the characters of vrt, tt^ , vr^, and vr^ (respectively). 
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Theorem 3.1. Let h E J^. In the cases (1), (2) and (3) above we have, respectively: 



291 A kWr^ (» + l)(<!l + l) + + (x'Cl) if Ql<qo. 

where the c-functions are (respectively) 

Proof. Let us prove the BCi{qo, Qi) case. If qo = qi there is some simpHfication, so suppose that 
Qo Qi- Write g{t) = gt{h) and f{t) = ft{h). From (11.12P we have 

Tr(/i) = - / 1 1 , f^,^^ dt 

Ql Jq^^^q^^aJ c{t)c(t ^) 

where < a < 1. Note that the integrand has at most removable singularities on t G T, and that 

_i _i _i _i 

the poles of the integrand that lie between the contours q^^ qi^ aT and T are at t = q^'^ q^'^ , 

1 _i _i 1 

t = —q^q-i ^ (in the case that go < li) and t = —q^ ^q^ (in the case that qi < qo). Computing 

27r 27ri z 



residues (using dt = ^dO = -J-^ — ) gives 



qihW)? (go + 1) (91 + 1)-'^^° ' (go + i)('zi + i) if<^^<gQ. 



Using Proposition 12.81 we have 



hJtIcWP 2<n7T |c(t)|2 2<n7T|c(t)|2 

_i _i 1 _i _l 1 

and Lemma ElO] gives /(^q = X^{h), /(-go^i ^) = X^(^), and /(-g^ ^g^) = x^(/i). □ 

3.2 The A2{q) algebras with L = Q 

This case is treated in |2Uj . and so we will just state the result here. The coroot system is 
R = ^{a\,a^,a^ + oi^}. The affine Hecke algebra has generators Ti,T2,xi = x"i ,X2 = x"'^ 
and relations 

Tf = 1 + {q^ - q~-2)Ti TiXi = x^^Ti + {q^ - q~^){l + Xi) T1T2T1 = T2T1T2 
T2 = 1 + iq^ - q~^)T2 T2X2 = X2^T2 + (52 - q~^){l + X2) X1X2 = X2X1 

T1X2 = XiX2T^'^ T2X1 = XiX2T2^. 

Let TTf = IndjqQj(Cuf) be the principal series representation of the affine Hecke algebra 
with central character t = (ti,t2) G (C^)^, where Cut is the 1-dimensional representation of 
C[Q\ with xi ■ vt = tivt and X2 • Vt = t2Vt. 
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Let be the subalgebra of generated by Ti,xi and X2. Let s £ and let Cus be the 
1-dimensional representation of J^i with 

_i _i i 

Ti-Us = -q 2Ug, xi-Us = q Ug, X2-Us= q^sUs- 

Let vr^ = Ind^j (Cus) be the induced representation of J^. 
Let TT^ be the 1-dimensional representation of ^ with 

Let Xt) Xs) and be the characters of tt^, tt], and tt^ (respectively). 
Theorem 3.2. /or all h G ^ toe have 



3.3 The i2(g) algebras with L = P 

The root system is as in Section 13.21 The fundamental coweights are uji = fa^ + and 
ijJ2 = -jOj^ + ) a'^d the coweight lattice is P = Zwi + 1^002- The affine Hecke algebra is 
generated by Ti, T2, xi = and X2 = x'^'^ with relations 

Tl = l + {q^ -q~-2)Ti T^x^ = x^'x2Ti + {q'2 - q-i)xi T1T2T1 = T2T1T2 
T2=l + {q2-q 2)T2 T2X2 = X1X2 T2 + {q2 - q 2)x2 X1X2 = X2X1 

ria;2 = 2:2^1 T2X1 = X1T2. 

Let TTt = Indj^pj(Cft) be the principal series representation of the affine Hecke algebra J^f 
with central character t = (ti,t2) G (C^)^, where Cvt is the 1-dimensional representation of 
C[P] with xi ■ vt = tiVt and X2 ■ Vt = t2Vt. 

Let ^ be the subalgebra generated by Ti,xi and 2:2. Let s G , and let tt^ = ^(g) (Cn^) 
be the 3-dimensional representation of induced from the 1-dimensional representation Cug 
of J^i given by 

— i _ 1 2 

Ti-Us = -q 2Us, xi ■ Us = q 2sus, X2-Us = sUs. 

The module VTg has basis {1 (gn^, T2 (8>?is) ^1^2 ® "Us} and support suppvr^ = {t, S2t, siS2i} , where 
t G Hom(P, C^) is the character with (t'^^jt'^^) = {q~^/'^ s, s^). It is not hard to show (see the 
proof of Lemma 13. 4|) that the character of Tr^ satisfies 

Xsih) = ft{h) + fs,t{h) + fs,s2t{h) for all s G and all /i G ^. (3.2) 
Let vr^, TT^ and vr^ be the 1-dimensional representations of given by (where co = e^'^'/^) 
^2(ri) = -g-3 Tr\T2) = -q-'2 Tr\xi) = q'^ n\x2) = q-^ 

n^{Ti) = 7r^{T2) = -q~^2 tt^{xi) = uq^^ t:^{x2) = uj-^q^'^ 

n^{T^) = -q--2 n\T2) = -q-"2 7r\xi) = aj^'q^^ 7t\x2) = ojq~\ 

Let xt, Xs; X^7 X^ and be the characters of vrt, vr^, vr^, vr"^, and vr^ (respectively). 
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Theorem 3.3. For all h G M' we have 



6r 7t2 |c(i)r r(r - i) Jt |ci(s)r scg'^ - 1) ' 



where 



-3 



= " \-2, x~\\ ' ^i(^) - 



5 c— 3 



(l-tr'i2)(l-M2')(l-ti i2~ ) 

Proof. The series Gt{h) converges whenever |,|t"2| < q~^, and hence the series converges 
whenever |ti|,|t2| < where ti = and t2 = t^^ . Fix /i G Jf, and write = f{t). 

Therefore 



r Jq-^afJq-^bT c(t)c(t ^) 



/(J-16T 

where < a,6 < 1. Fix a number < c < 1 very close to 1. Consider the inner integral. 
The ti-poles of the integrand lying between the contours q~^aT and cT are at the points where 
t\ = q~^t2- We compute the residues (using dti = ■^^) to be 

j^^g fit) _ qiq-ir f{±q-hy\t2) 



t,=±,-VHy- C{t)c{t-^) 2(g2 - 1) (^,1/2^^^ ^^^-1/2^- 

Using i l,^{f{t^'^) + f{-t^'^))dt = l,/,^ f{t)dt it follows that 



^ ' q-' Jg-^aT JcT c{t)c{t-^) q\q^ - 1) Jg-ha^T Cl{s)ci{s-^) 

Interchange the order of integration in the double integral. The t2-poles of the integrand between 
the contours q~^aT to T are at the points where = qi h and where t2 = q~^ti . Computing 
residues gives 

q-^JcTjTiciw q\q-^) 

where 



1 



1/2 1 

where we have set s = in I2 and s = gzt^ in 13. The ti-contour in the double integral can 
be shifted to T without encountering any poles. 

The plan is to shift each of the contours in Ii,l2 and I3 to the unit contour T. However we 
need to be careful with the possible singularities of f{t). Therefore we write f{t) = g{t)/d{t), 
with g{t) analytic. Then the integrands of the integrals /i,/2 and /s are 

/(g~5s,s2) _ (1 - g^s3)5f(g-3s,s2) 



Ci(s)ci(s-1) (1 _ s~2)(l _ q\s-^){l - g-2s-3)(l - g-2s3) 

f{s^,q~^s) ^ (1 - q^s^)g{s'^,q-^s) 

Ci(s)ci(s"l) ~ (1 _ 5-2)(l _ gis-l)(l _ g-f s-3)(l - g-f s3) 

f{q~^s, q"^s~^) (1 - q^s~^){l — q^ s'^)g{q~^ s, q~^s~^) 



Ci{s)ci{s 1) (1 _ _ g-2s-3)(l _ g-2s3)(l - g2s"l)(l - g^s) 
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In particular, the integrands of Ii and I2 have singularities on T. So instead we shift all contours 
to cT. For the integrals I2 and I3 we encounter no poles, and so the shift is for free. For the 
integral Ii we pick up simple residues at the points = (/"a^ and computing residues gives 



h= , ds+ (/(g ,q ) + f{ujq ,U} q ) + f{uj q ,ujq ) 

JcT ci{s)ci{s 3{q-^ - 1) ' 



Therefore 



1 f (9-1)' f f{q~h,s^) + f{s'',q-h) + f{q-h,q--2s-^] 



f2 



c(t)|2 qHq^~l)J,j ci(s)ci(s-l) 



+ slq3 % {fiQ-\Q-') + f{ojq-\u:-\~^) + f{u'\~\uq-')) . 

By ()3.2p the numerator of the single integral is Xs{h), and is therefore defined on T and so the 
contour of the single integral can be shifted to T. Proposition 12.81 deals with the double integral, 
and Lemma 12.101 deals with the 3 constant terms. □ 

3.4 The C*2(9i)92) algebras with L = Q 

The dual root system is i?^ = ±{0^,021 Oi + 02 ' "^i + }• Writing xi = and X2 = ^ 
the Hecke algebra has generators Ti,T2,xi,X2 with relations 

Tf = 1 + (gf - q;^^)Ti T^xi = x^^Ti + (gf - ) (1 + xi) T1T2T1T2 = T2T1T2T1 

1 _i 1 _i 

T2 =1 + (gl - 12 ^ T2X2 = X2^T2 + (gl - g2 ^ )(1 + 2^2) 2;iX2 = X2X1 

1 _ i_ 

T1X2 = XiX2Tf^ r2Xi = xiX2r2""'^ - (g| - g2 ^)xiX2- 



Let TTj = Ind|qQj(Ct;j) be the principal series representation of with central character 
t = {ti,t2) G (C^)^, where Cvt is the 1-dimensional representation of C[Q] with xi ■ vt = tiVt 
and X2- Vt = t2Vt. 

Let be the subalgebra generated by ri,xi,X2 and let J^2 be the subalgebra generated 
by r2,xi,X2. Let s E C^, and let vr] = Ind;|^^ (Cti^) and TTg = lnd'^^{Cul) be the 4-dimensional 
representations induced from the 1-dimensional representation Cul of and the 1-dimensional 
representation Cu^ of given by 



Ti 


1 

1 ~2 1 

• Us = -gi 


xi • ul 


= gi ^u] 


X2 ■ 


1 

1 2 1 

• Us = ql sug 


T2 


1 

2 ~ 2 2 

. = -^2 ^U, 


xi ■ ul 


= q2sul 


X2 ■ 


2 -12 

■ = g2 u,. 


{3 = 


-- 3,4,5,6,7) be 


the 1-dimensional representations of J^f with 


m) 


= -fi'^ 


7r3(r2) = -q^'' 






TT^{X2) = q2^ 


m) 


= -Qi'' 


7r\T2) = -q-'^ 


TT^ixi) = q^^ 




7r\x2) = -1 


m) 


= -Qi' 


^\T2) = g| 


TT^ixi) = 1 




7t'{x2) = -1 


m) 


= q! 


^\T2) = -qP 


TT^ixi) = qi 




7r6(x2) = g2-^ 


m) 


_ 1 

= -gi ^ 


vr'm) = g| 


7r'^{xi) = ^ 




7r^(x2) = g2. 
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Suppose that qi 7^ q2 and qi q^. Let vr^ = Mj{t) be the representation with 

ie"^,e"^) = {q^\q2) J''={a2} Fj{t) = {s2, S1S2, S2S1S2} 

(since qi / q2 and qi / q2 we compute N{ty = {a^, and D{t)'^ = 0). The matrices for tt^ 
are given in Example 3 of Section 12.31 

Let xt, Xs' Xs) and X"* be the characters of vr^, vr], vr^, and vr-' respectively (j = 3, . . . ,8). 

Lemma 3.4. Let t,u e Hom(Q,C^) be (K,t"2) = {q];^,qfs) and (W,W) = {q2S,q2^) 
where s € . For all h € Jif and all s G we have 

Xlih) = Mh) + fs,t{h) + fs,s,t{h) + fs,s,sAh) (3.3) 
X^Ah) = fuih) + fsA^) + fs.sUh) + fs,s,s,u{h)- (3.4) 

Proof. Let us prove (j3.3|) ( (|3.4|) is similar). Suppose that s G is not one of the isolated 
points of which give =1 for some a G Rq . Then vr^ is irreducible (for example it can 
be constructed using Theorem 12.51 in these cases) and each /^t(/i) is defined (for v G Wq and 
h G J^f). Moreover ttJ has basis {1^uI,T2'S!uI,tiT2'SiuI,T2TiT2'SiuI} (this is proved in a similar 
way to the corresponding statement in the proof of Proposition 12. Sh . 

The diagonal entries of each matrix ttKt^) relative to this basis are 0. This is easily seen 
once it is observed that ti^uI = (which can be seen by direct calculation, or by (11. 7p ). Since 

7r,^(x^) = diag(t^, (sat)^, (sisst)^, (s2SiS2t)^) for all A G Q 

it follows that 

xliTtaX^) = (5^„,l(^^ + {S2t)^ + {siS2t)^ + {s2SiS2t)^) for all w G VFo and A G Q. 

Thus Lemma [2.71 gives (13. 3p provided s is not one of the isolated points of that gives 

for some a G Rq . But by construction, xlW is a polynomial in s and (for fixed h G J^) 

and the right hand side of (13. 3p is a rational function in s. Hence the result. □ 

Theorem 3.5. For all h G we have 

Mh)=-^ff ^dt+ ^ V\J Si<^^+ o2''r\J S%ds 

H<ijJr^Ht)\' 2qiql{qi + l) Jj\ci{s)\' 2qlq2{q2 + I) J j \c2{s)\^ 

{x^{h) ifqi<q2 
+ Ax'ih) + B {x\h) + x\h)) + |C| X I x\h) ^/ q2 < qi < ql 

where c{t), ci{s), 02(3), A, B, and C are as in Appendix \A.1[ If qi = q2 or qi = ^2 then the 
final term in the Plancherel Theorem is 0. 

Proof. The trace functional is given by 

Tt{h) = ^[ I —^^$-—dt2dtu (3.5) 
^' qlqlJq',^afJq^HT<t)c{t-^) ^ ' 

where < a, 6 < 1 and where f{t) = ft{h). Choose a with a < qiq^^ ■ 
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Step 1: Shifting the t2- contour. Let < c < 1 with > q^^ , c > , c > gig^^ (if 91 < Q2) 
and c > qi^q2 (if (I2 < Qi)- We will shift the t2-contour from g^^6T to cT. The integrand has 
exactly one t2-pole between these contours, at t2 = q2^ ■ Thus 

Tr(/i) = i/^ / -J^jz^dt2dti+h, where = / Res — ^^^^ dt. 

S'iep 2: Shifting the ti-contour. Interchange the order of integration in the double integral. We 
will shift the ti-contour from q^'^aT to T. By the conditions on a and c the ti-poles of the 
integrand between these contours are at ti = q'^^ , ti = q'^^tl^'^, and ti = q^^tl^"^. Therefore 

l^{h) = f f ,/,^^} dtidt2 +Il+l2 + h + h, 

where 

= — I J^*^^ (+\ for j = 2, 3, 4, 

qm JcTi^=^3 c{t)c{t 1) 

with Z2 = qi^ , = ^' -^4 ~ q2^^2^- tfi^ double integral we may now revert back to 
the original order of integration, and shift the t2-contour to T without encountering any poles. 

Step 3: Shifting the contours in the integrals Ij. Straightforward calculations give 



1 



{q2 - If f f(.q2S,q2') , , (gl - 1)' f MlAlL A 



g?92(gi - 1) Jg-ig^-iaT C2(S)C2(S ^) 919^ (gf " 1) Jg, ^ cT Cl (s)ci (s ^) 

^ qiqiiqi - f) a?ct ci(s)ci(s-i) ^ qlq2{qi - i) Jct c2{s)c2{s-^) 

-1 -- ^ 

where we have set s = q2 ti in Ii, s = q^ ^ t2 in I2, s = q(t2 in 1^, and s = t2 in li- 

We now shift each contour to T. As in the A2 case we need to be a little careful with possible 
singularities of f{t). Thus we write f{t) = g{t)/d{t). Then the integrands of /i, I2, 13 and /4 are 

i i i 

f{q2S,q2^) _ q2s{l - s)g{q2S,q2^) /(g^^9^s) _ 9i «(! - s^)^/(C^ 9i s) 



C2(s)c2(s 1) (92 - l)f^2(s)ra2(s ^) ci{s)ci{s ^) {qi - l)ni{s)ni{s ^) 



f{s-\q^-^s) _ {l-s-^)g{s-\q^-^s) f{q2^s-\s) _ {I - s)g{q2^ s~\^ 



s) 



ci(s)ci(s 1) (1 - gi)ni(s)ni(s ^) 02(5)02(5 (1 - g2)n2(s)n2(s i)' 

where ni{s) and n2(s) are the numerators of ci(s) and 02(5). Each integrand is nonsingular on T 
(with removable singularities in the cases qi = 52 or (71 = gl)- 

The poles of the integrand of Ii which lie between the contours q^^q^^af and T are at 
s = qi^ q2^ 1 s = qi^ q2 i}^ q2 < qi) and at s = qiq^^ (if qi < (72)- Calculating residues gives 

qiq2{qi - l Ji C2 s P -/ qi, Qo if qi < q2- 



The poles of the integrand of I2 which lie between the contours q^ ^ bT and T are at s = —q^ ■ 

- — - 

s = qlq2 (if 92 < 9i < qi)-! and s = q^'^q2 (if < (/i). Calculating residues gives 

r _ (gl-1)' [ f{qi\qls) ,„ I oBf/,-1 ^^ , J/('/rS9ig2"') if 92 < Ql < ?! 

9l92(9l - 1) Vt Cl(s)ci(s 1) l_/(g^i^g2) lfg2<g^. 
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The poles of the integrand of which he between the contours cT and T are at s = ^ q2 

1 1 
(if q2 < qi < Q2) ^ — 1i^2^ (if I2 < ^i)- Noting that T is inside qlcT gives 

^ ^ (gi - 1)^ f ^ ^ ^ f /(glg2"^ 9r^92) if q2<qi< ql 

^ qiqliii - h ci{s)ci{s-^) ^ \-f{qi^ql,q2^) if < gi. 

The integrand of 1^ has no poles between cT and T. Therefore 

91^2 JJt^ F(i)r qmiii - 1) A |ci(s)r 

' f{quq2^) if 91 < 92 

+ |C| X < fiqi^qh Q2^) + f{qi\qiq2^) + fiqm^, qi\2) if 92 < 91 < gi 

,/(g^^92) if g| < gi. 

S'tep Matching with the representations. By Proposition 12.81 the double integral in the above 
formula is 



|c(!)P 8 I<:(«)I 



The first single integral is 



111 1 



1 f fiqi\qIs) + fis-^q,-'s) + f{qi\qls-^) + f{s^q,-'s-^) ^^^l f xlW ^„ 



T 



\ci{s)\' 2jj\ci{s)\ 



where we have used Lemma |3.4[ A similar analysis applies to the second single integral. Using 
Lemma [2.101 we have /(gj~ ) = x^{h) and 2f{q^ 1) = X^W + Furthermore, for 

parameters qi < q2 the central character (ti,t2) = {qi,q2^) is regular (for t"i+"2 = qiq^^ < 1 
and t"i+2"2 = qiq'"^ < 1), and so Lemma [2.101 gives /(gi,g^^) = X^W- Similarly we have 
/(9r^'92) = x'ih) for parameters g^ < 91- Finally by Proposition 12.91 we have 

/(9r'g2',92"') + /(9r',gig2"') + f{qiq2\Qi\2) = xHh) 

for all parameters in the range g2 < gi < g^ (as the central character is regular). □ 
3.5 The C2iQi,Q2) algebras with L = P 

The root system is as in Section 13.41 and the fundamental coweights are given by cji = + 02 
and u}2 = + 02- Writing xi = x'^'^ and X2 = x'^'^ , the Hecke algebra has presentation given 
by generators Ti,T2,xi,X2 with relations 

= l + (gf -gr^m nxi = x^'xlT^ + {qf -q;'^)x^ T^T2TiT2 = T2T^T2Ti 
1 _i 1 _i 

T2 =1 + (g| - g2 ' )T2 T2X2 = xiX2^T2 + (g| - g2 ^ )x2 xiX2 = X2X1 

T1X2 = X2T1 T2X1 = X1T2. 

The representation theory of is closely related to the representation theory of the Hecke 
algebra from Section [3.41 
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Let TTt = Indj^[p](Cut) be the principal series representation of Jif with central character 
t = (ti,t2) G (C^)^, where Cvt is the 1-dimensional representation of C[P] with xi ■ vt = tiVt 
and X2 • Vt = t2Vt. 

Let J^i be the subalgebra generated by Ti,xi,X2- Let s G C^, and let vr^ = Ind'^^ i^uf) be 
the 4-dimensional representations of Jif induced from the representations Cuf of Jifi with 

_i _i 
Ti ■ uf = —Qi '^uf xi ■ uf = '^suf X2 ■ uf = ±suf. 

Let J^2 be the subalgebra generated by T2,xi,X2. Let s G C^, and let vr^ = IndJ|^(Cn^) be the 
4-dimensional representation of induced from the representation Cu^ of with 

rr2"5 2 222 2 ~5 2 

l2 ■ Ug = — (/2 lis Xi • = S ti^ a;2 • = ^2 S'^^s- 

Let TTj. (j = 3, 4, 5) be the 1-dimensional representations 

4(Ti) = -q;-' 4(r2) = -92"^ = qY\2' 4(^2) = ±9^92^' 

4m) = 9? 4(r2) = -(?2"^ 4m) = 9192"' 4m) = ±9f92~' 
4(ri) = -(zr^ 4m) = 4 4m) = rt 4(x2) = ±gi"^g2. 

Let TT^ = Mj{t) be the 2-dimensional representation with 

= JV = = {1,S2} 

(we have N{ty = {a^,a'( + 2a^} and -D(t)^ = 0). Coincidentally, vr^ ^ lnd§^{Cu) where 

is the algebra from Section 13.41 and where Cu is the 1-dimensional representation of Jifq with 

Ti ■ u = —q^ '^^ii, T2 ■ u = — ^2 '^^w, x'^'^ ■ u = Qi^u, and • u = —u. The matrices for vr^ are 
given in Example 1 of Section 12.31 

Suppose that qi / q2 and / Let vr^- = -/Vfj(t-i-) be the 3-dimensional representations 
with 

{t'i\t'i') = {q^^q2,±q;h2) = {"2 } Fj{t±) = {s2, S1S2, S2S1S2} 

(we calculate iV(t±)^ = {a^,a^} and L»(i)^ = 0). 
Theorem 3.6. For all h G we have 



ihl JU |c(t)|2 Aqiqliqf - 1) Jj \ci{s)\^ Iq^q^ - 1) Jj \c2{s)\^ 

'xX{h)+xt{h) ifqi<q2 

xlW+xHh) ifq2<qi<ql 

^x%{h) + x-{h) ifql<qi 



+ ^{xl{h)+X-{h))+Bx^h) + 



2 



X < 



where c{t), ci{s), 02(3) are as in Appendix ] A. !^ and A,B,C are as in Appendix ] A. 1[ If qi = q2 
or qi = g| then the final term in the Plancherel Theorem is 0. 
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Proof. The series Gt{h) converges for \t'^'^\ < Qi^ and < ^. Since = 2uii — 2uj2 and 
02 = —oJi + 2uj2 the series converges whenever |tft2 ^1 < li^ ^'^'^ I^F^^ll < 92"^- Thus, writing 
= qi^q2^a and |t2| = Qi ^^'^Q2^b, the series converges for 6^ < a < 6 < 1, and so 



From here one can either perform the contour shifts as in the L = Q case, or change variables 
ti = uiU2 and = uiu^ to transform the above integral into | times the L = Q integral (13.51) 

with the numerator of its integrand replaced by f'{ui,U2) = f iuiU2, U2) + f {uiU2, — m|[^^U2). 
We omit the details. □ 

3.6 The (5*2(51, ^2) algebras with L = Q 

The coroot system is R"^ = ztjaj^, 2ay+3a2, ai+3Q;2, 02 > 0^+202, aj^+a2}) and the reflections 
si and S2 are given by 51(02) = a^+Og and 52(01 ) = Oj^+Sog • Writing xi = x^^i and X2 = ^ 
the Hecke algebra Jif has generators Ti, T2, xi and X2 with relations 

= 1 + {ql - q~~^)Ti T^xi = x^^Ti + {q\ - gi"^)(l + xi) 

r| = 1 + {ql - qf^)T2 T2X2 = x^^T2 + (^ - ^2"^ )(1 + ^2) 

1 _i 

T1T2T1T2T1T2 = T2T1T2T1T2T1 T2X1 = XiX^T^ - (g| - ^2 ^ )^1X2{'^ + X2) 

X1X2 = X2X1 T1X2 = XiX2T{'^. 

Let TTf = lnd'^^Q^{Cvt) be the principal series representation of Jif with central character 
t = (ti,t2) G (C^)^, where Cvt is the 1-dimensional representation of C[Q] with xi ■ vt = tivt 
and X2- Vt = t2Vt. 

Let ^ be the subalgebra of generated by Ti,xi,a;2, and let J^2 be the subalgebra 
generated by T2,xi,X2. Let s G C^, and let vr] = Ind;j^j(C«^) and tt^ = IndJ^(CUg) be the 
6-dimensional representations induced from the 1-dimensional representation Cul of and the 
1-dimensional representation Cn^ of given by 

Tni~|i 1-11 1^1 

Ii ■ = —q^ xi- Ug = q^ X2 • = q{ su 



s 



rr 2 ~\ 2 2I2 2-12 

T2-Us=-q2^u^ xi-Us=q^sUg X2-u^ = q2U,. 

Let 7r^,7r^ and vr^ be the 1-dimensional representations of with 

3^T^ \ _ „-| „3/Tn N _ „-| „3/_ N -1 „3/„ \ -1 



7r'{Ti) = -q,^ TT\T2) = -q~' r^xi) = q^' tt'\x2) = q-2 

vr^(Ti) = q\ AT2) = -qf' Ax,) = q, 7r\x2) = q2^ 

7r5(ri) = -g-^ ^\T2)=ql r^{x,)=q~^ ^'(x2) = 92- 

Suppose that qi / 92, qi / 92> Qi 12^ Qi Q2- -^^^ '^^ — the the 5-dimensional 

representation with 

(i^i ,t°2) = {qi^,q2) -/^ = {"2} = {S2,S1S2,S2S1S2,S1S2S1S2,S2S1S2S1S2}- 
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Let TT^ = Mj{t±) be the 3-dimensional representations with 

V V _l 1 

= {qi,±qi ) = {Oi + 202} Fj{t±) = {s2SiS2Si,SiS2SiS2Si,S2SiS2SiS2Si}, 

where we assume that gi / q2 and qi 7^ g'f fo^" When (71 = 52 or qi = we define vr^ 

differently, as explained in Example 2 of Section [2.31 

Let vr*^ = Mj{t) be the 2-dimensional representation with 

(t"! ,P2 ) = J^= {01+302} -Fj(t) = {siS2SlS2Sl,S2SlS2SlS2Sl}- 

Let Xi, xl) Xsi X^i X^i X^i X^) X± ^-^id be the characters of the above representations. 
Theorem 3.7. For all h G M' we have 

^ ^ 12gfgi Jk. |c(t)|2 2gigi(g2 - 1) |ci(s)|2 2g3^2('?2 - 1) h |C2(S)|2 

+ Ax\h) + i3+xl(/i) + i?-X-(/i) + Cx\h) + \D\xl xHh) if qT < 9i < ql 

Vx'ih) ifql<qi 

where c{t), ci{s),C2{s), A, B±, C, D are as in Appendix \A.3l If qi = (12'^ or q\ = q^ then the final 
term in the Plancherel Theorem is 0. 

Proof. Writing f{t) = ft{h), the trace functional is given by 

Tr(/i) = ^ / / , {^j^ dt2dti 

9l92 Jq^'ajJq^HT c[t)c{t ^) 

with < a, 5 < 1. Choose < a, 6 < 1 both very close to 0. Let < c < 1 be very close to 1. 
Consider the inner integral. The integrand has exactly one t2-pole between the contours q^^hT 
and cT, at i2 = 92" • Thus we can shift the t2-contour to cT at the cost of including this residue 
contribution. Now interchange the order of integration in the double integral. Since \t2\ = c we 
see that the ti-poles of the integrand between the contours q^ aT and T are at the points where 
ti = q^^, ti = qi^t2^, ti = (?^^t2 ^' *i = q2^^2^ ^'iid t\ = qi^t2^ . After shifting the ti-contour 
to T we interchange the order of integration again, and since there are no t2-poles between cT 
and T we shift the f2-contour to T. Thus 



TV(/i) = ^ / / dt + h + l2 + h + h + h + It + /g 

qiqi JJt^ |c(*)r 



where 



1 f f(t) 1 f fit) 

h = — / Res ——— — 7- dti I^ = — ^-^ / Res , , , — tt^^*2 

qfql Jq^'ajt^=^^c{t)c{t"^) qfq^ J^jt,=±zec{t)c{t-^) 

''—^.Ln^mh"' 0=2,3.4,5), 

where zi = Z2 = gf^, Z3 = qi^t2^, = g^^i^^, = q2^t2^, and ^6 = ^1^*2^ 
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Use ^ frfifit^^'^) + f{-t^^'^))dt = Jri/2T f{'t)dt to write Iq + Iq = Iq as a single integral. 
Straightforward calculations give 



(91-1)' [ f{q!s~^q;K)^^ ^ _ (ga - 1)' f [if^^oZll 



QiQUQi - 1) Jq^cT Cl{s)ci{s 1) 9l92(92 - 1) Jq^cT C2{s)c2{s 1) 

(92-1)2 . /(92"^5-\9|s)^ (91-1)2 . ^(^-i^-3^^2, 



9i92(92 - 1) Jq^^T C2{s)c2{s ^) 9i92(9i - 1) Jch Ci{s)ci{s 1) 

_3 _1 1_ 1 _1 

where we have put 5 = ^2 ^*i>9i ^*2, 9i ^2, 91 *2, 92 ^^2,^2 in h, h, h, h, h, h respectively. 

One now shifts each contour to T. As we discuss below, some complications arise when 
9i = 92 or 9i = 92, and so suppose for now that qi / q2 and 91 7^ gf- As in the C2, L = Q, 
case the integrands of /i, . . . , Ig are all nonsingular on T. Moreover, assuming that qi 7^ q2 and 
qi / ^2 all singularities are simple poles, and at the special values q\ = or 9i = 92 there are 
some removable singularities. Write If, . . . ,/q for the integrals over the contour T. A lengthy 
analysis (using the fact that a is close to and c is close to 1) gives 



Tr(/i) = ^ [[ ^7^12 dt + I^ + ... + I^ + Afiq^\q^') + B+a+ + 

9i92 JJt^ |c(*)r 



+ C{f{qY\u;) + f{qY\u-'))+\D\ 



X < 



'/(9i,92^) if 91 < 92^^ 

■f 3/2 ^ ^2 

a if ^2 < 91 < 92 



J{Qi^,Q2) if 92 < 91, 

1 J,/ I -1/2 3/2 _u , -1 I 1/2 -l/2x , I 1/2 -3/2 , -1/2 l/2^ , 

where cr± = /(zbg^ q^' ,92 ) + /(9i , ±9i 92 ) + /(±9i 92 > ±9i 92 ) and 

= f{qi\l 9^^) + /(9r\ 919^^) + /(9?92~^ 9r^92) + f{qi^ql 919^') + f{q^q-^, qi\l). 
As in the previous sections it is easy to show that 

ru, I ru (91 - 1? f Xlih) (92-1)2 

^ ^ ■ ^ ^ 2gigi(gf - 1) A |ci(.)|2 + 2qlqM - 1) A |c2(.)|2 

Proposition 12.91 gives f{q^^,u}) + f{qY^,oj~^) = vr^(/i) and a = vr^(/i) (note that vr^ only occurs 
for parameters q'^^'^ < qi < 92, and in this range vr^ is defined and has regular central character). 
We also have a± = 7r'^{h). For vr^ it is important that qi / q2 and qi / 9^, for otherwise vr!^ does 
not have a regular central character and things become complicated (see below). Lemma 12.101 
gives f{qi ,92" ) = X^{h)- Since we exclude qi = q2 the representation vr^ has regular central 
character for parameters qi < 92''^, and so Lemma 12.101 gives 7(91,92"^) = X'^(^)- Similarly 
/(9rS 92) = X^{h) for all q^ < qi with qi / ql 

It remains to discuss the cases qi = q2 and qi = gf. Let us briefly outline the working 
involved. Consider the qi = q2 case (the qi = case is similar). The integrands of h, . . . ,Ig 
are still nonsingular on T, and the contours in the integrals Isjl^ and Iq can all be shifted to T 
without encountering any poles. This leaves /i,/2 and to consider. Writing f{t) = g{t)/d{t) 
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the integrands of Ii , I2 and are (respectively) 





(1- 


-q){l- 


^-^5-1)2(1 + g-5s"i)(l - g-is-i)(l - q- 
s'^(l - s^)g{q-^,qh) 


1 15 

"2 s)2(l + q~2s){l — q~2s) 


(1 


-q){l- 


3 3 

q-2s-^){l - g-ls-2)(l - Q'~2s-l)(l - q- 
g~5s(l — s'^)g{q~is~^,q^s) 


3 3 

2s3)(i _ q-'i^s'^){l - q'^^s) 


(q- 




r^s-^)2(l + q~h-^){l - g"5s-i)(l - q~ 


5s)2(l + (jf~3s)(l — q'~3s) 



The relevant poles are at s = (a double pole for Ii, /2> and Is), s = g~2 (a single pole 
for /i, and Is), s = uj^^q~2 (single poles for I2 only), and s = q~2 (a single pole for Ii 
only). The residue contributions from s = —q~^ make up the X-W term, the contributions 
from s = uj^^q~2 give the x^{h) term, and the contribution from s = q~2 gives the x^{h) term. 
All that remains is to analyse the contribution from the double poles of each integral at s = g~2 . 
We claim that the combined residue contribution from the point s = q~2 is 

R,+R, + R, = ixlih) + 2xHh)) . (3.6) 

We do not have a conceptual proof of this fact, but it can be obtained by direct calculation as 
follows. As in Remxark 11.21 the functions g{t) = gt{h) can be explicitly computed (since one 
only needs to know the values gt{Tu,) for w G Wq, as gt{TyjX^) = t^gt(T^))- Then the residue 
contributions can be explicitly calculated (making 12 separate calculations, one for each h = 
TyjX^ with w G Wq). On the other hand, using the explicit matrices (Example 2 of Section [2. 3p 
for the representations vr^ and vr^ one can compute the expression xl^{TyjX'^) + 2x^{TwX'^) and 
compare. This completes the proof. □ 



3.7 The 56*2(^07 9i) algebras with L = Q 

The root system is i? = ±{ai,a2,ai + 02, ai + 2a2,2a2)2(ai + 02)}, giving dual root system 
ny = ±{ai,a2,ai +02, ^a^ + 02 /2,ai +02/2}. The affine Hecke algebra has generators 
Ti,T2,xi = x"i and X2 = ^"2/2 with relations 

Tl = l + {ql -qf^)T^ 

Ti = l + {ql-qf^)T2 

T1T2T1T2 = T2T1T2T1 
X1X2 = X2X1 

Let TTf = IndjqQj(Cf4) be the principal series representation of Jif with central character 
t = {ti,t2) G (C^)^, where Cvt is the 1-dimensional representation of C[Q] with xi ■ vt = tivt 
and X2- vt = t2Vt. 

Let J^fi be the subalgebra generated by Ti,xi,X2 and let be the subalgebra generated 
by T2,xi,X2. Let s G C^, and let vr^^ = IndJ|(C'u^) and ni = IndJ|(Cit^) (j = 2,3,4) be the 
4-dimensional representations induced from the 1-dimensional representation Cu] of and the 



Tixi = x^^Ti + (gf - q^ + xi) 

1 _i i _i 

T2X2 = X2^T2 + (g| - ^2 ^ )X2 + {Qq -%^) 
i _i 

T2X1 = xixjT^^ - {q^ - qQ ^ )xiX2 

T1X2 = XiX2T7^. 
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1-dimensional representations Cui {j = 2, 3, 4) of given by 



Ti 




^2 1 

= -Qi 


Xi 


ul 




X2 


nl 




T2 




_ 1 

= -Q2 '^s 


Xi 


ul 


1 1 
= lo Q2 sul 


X2 


ul 


_ 1 _ 1. 

= Qo "^2 '^^s 


T2 




_ 1 

= -^2 '^s 


Xl 




_1 1 
= Qo ' Q2 sul 


X2 




1 _ 1_ 
= -9o92 """s 


T2 


< 


1 

2 4 

= Q2Us 


Xi 


< 


1 1 

2 ~ 2 4 

= Qo 92 su^ 


X2 


< 


1 1 

9 9 4 

= -Qo llu^ 



Let TT^ (j = 5, . . . , 11) be the 1-dimensional representations of with 



1 



\-<i2 ^9^^9o "^2 

_i _j. _i_ 

2 A 



_1 

-92 ^9^^ 



vr^ = {-q^ ^92^C^9o92 ) 
1 1 __i 1 

TT^^ = (^1 ,g2^9l, -Qo '92 )' 



1 _.l 1 _l 

= (9i >-92 ^9l>-9o92 ') 



1 _l 

9|92 



vr 



10 



1 j. 

2 „ 2 ' 



(-9i %92'>9i >-9o "91 



where in each case we hst the quadruples (7r-'(ri),7r-'(r2),7r-'(a;i),7r-'(x2)). 

Let TT^'^ = Mj{s), TT^^ = Mj{t), and tt^^ = Mj{u) be the 3-dimensional representations with 



_i 1 

-9o '91 



1 _ 1 
9o92 



and J = {02}- We assume that qi 7^ q'oQ'2 and q\ 7^ go92 for vr^^, that qi / 9(7^^2 and q\ 7^ 9(7^^2 
for vr-^^, and that qi 7^ q'092'^ and q\ 7^ 9092'"'^ fo'^ "^^^i so that iV(s) = N{t) = A^(n) = {ai,a2} 
and D{s) = D{t) = D{u) = 0, and hence Fj{s) = Fj{t) = Fj{u) = {s2, S1S2, 828182}- 
Finally, let ir^^ = Mj{t) and vr^^ = Mj{u) be the 2-dimensional representations with 



-90,^0 ""92"! 



(K,t"^/2) = (_ 
Theorem 3.8. For all h G M' we have 



-92,^0 92 



J 



Tr(/i) 



1 



H<l2 



T2 



Xt{h) 

|c(t)|2 



+ C7 



Xlih) 



|C2(S)F 



X{h) 
\cz{8)\- 



d8 



+ C^X'{h) + \C2\ X <^ 



1 1 
2 



7r^(/i) ifqi<q§qi 



{h) ifqoQ2 < 91 < 9092 
n^{h) ifqoq2<qi 



+ 



Xl if qo < 92 
X2 if 92 < 90 



where x{h) = Xs(^) ^/9o < 92 o-'^d x{h) = xtW '^f Q2 < Qo, o-nd where 
Xi = \C3\x'Hh) + \C,\x'{h) + \C5\ X 



X (h) ifqi<qo^Q2 
— - - 

X^^{h) ifqo '92 < 91 < 9cr 92 
vr^°(^) ifqo^q2<qi 



X2 = ICslx^'W + |C5|vr^°(/i) + IC4I X < 
with c(t), ci(s), C2(s), 03(5), Ci, . . . , Cs as in Appendix \A.4\ 



1 _ 1 
2 



(h) i/9i<9o92 



7ri^(/i) i/9o'92 ' < 91 < 9092 ^ 
_7r6(/i) ifqoq2^<qi, 
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Proof. The series Gt{h) converges for \ti\ < and |t2| < 9o ^^2 ^' ^'^'^ so writing f{t) = ft{h) 
we have 



Tr(/i) 



1 



fit) 



'Kt c{t)c{t 1) 



J- dt2dti 



whenever < a, 6 < 1. We choose a and b both very close to 0, and choose < c < 1 very close 

_i _i _i _i 

2 „ 2 



to 1. The t2-poles of the integrand between the contour Qq ^(/g ^^'T and cT are at t2 = Qq 

1 _i _i 1 

at t2 = —qQQ2 ^ (if Qo < ^2) and at ^2 = —Qq ^Q2 (if 92 < Qi)- Thus we can shift the t2-contour 

to cT at the cost of residue contributions from the above points. Now interchange the order of 

integration in the double integral. The ti-poles of the integrand between q^^aT and T are at 

_i _i 1 _i _i 1 

h = g^^ ti = Qi^t^^, h = H^^, ti = -go92 '^2'^ (if 90 < 92) and h = -q^ ^q^q-^ (if 

92 < qo)- Computing the associated residues gives 



Tr{h) 



1 



fit) 

q\ql |c(i)P 



dt + I1 + I2 + I3 + h + 



I5 + h if 90 < 92 
+ /g if 92 < 90, 



where 
h 



9092 



9i92(90 + 1)(92 + 1) 



1 1 
■7 —1 ~ "7 

% I1 I2 



91 



1 



/(9i ,qis. 



qiqliqi + 1) Jq'^cf ci(s)ci(s i) 

91-1 f fis-\q;h) 

qiqliqi + 1) Jqhf ci(s)ci(s-i) 



/(9o 92^,90 "92 

aT C2(S)C2(S-1) 

ds 



1 i 
' 2 , 



9o92 



1 



/(9o "92 

9l92(90 + 1)(92 + 1) JcT C2(S)C2(S-1) 



ds 



92 - 90 



9i92(9o + 1)(92 + 1) 

90 - 92 
9^92(90 + 1)(92 + 1) 



92 - 90 



/(9o '92^,-90 92 ') 

q^q-\~^af C3(s)c3(s-1) 



/(9o92 's, -Qo 2g2) 



1 1 



C3(S)C3(S 1) 

/(9o92 's-i,-s) 



ds 



ds 



9^92(90 + 1)(92 + 1) JcT C3(S)C3(S 1) 

_ 1 1_ 
/(9o '9|g^^-g) 



90 - 92 



9i92(9o + 1)(92 + 1) JcT c-i{s)czis 1) 



■ ds 



ds 



where 5 = ^0^92^*1 
_ 1 

where s = q^ ^t2 
where s = q^ t2 

where s = t2 

1 _ 1 

where s = q^q2^ti 
_ 1 1 

where s = ^ g| ti 
where s = —t2 
where s = — ^2- 



Now shift the contours in all integrals /,■, /' to T. We omit the details of this long calculation. □ 
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A Constants and c-functions 

We write ai{x) = 1 + x and a2{x) = 1 + x + x"^ . 



A.l C'2(q'i,g2) algebras with L = Q 



c{t) 



(1 - tr')(i - tr - i2-')(i - V) 



(1 + q, - q, ^'q^'s-'){l - qlq:,h~^) {I - q^\2' ^~'){'^ - ^1^23-^) 

CUSj = 1 C2{S) = — 



t^i (91)^^1(52)^1(9152) cTi (92)2(71 (gig2 ^)(7i(gig2) C7i(gi)cji(g2 ^)Vi(gig2 ^)' 

A. 2 6*2(915 Q'2) algebras with L = P 

(1 - 9r'tr'ii)(i - 9r'i2"')(i - 92"'*i*2"')(i - 92"'*:') 



cit) 



(1 + q;'^s-'){i - q, ''q^'s~^){i - 5^2"'^"') (1 - gr^g2"'^"')(i - gr'g2g-2) 

(l_S-2)(l_^2,_l) (1-S 2)(l_g2S 2) 

A. 3 G2{qi,q2) algebras with L = Q 

(1 - gr^tr')(i - 9r'tr%"')(i - 9r'tr'i2"')(i - 92"'*2"')(i - q2't^'tf){i - 52"'*r'*2"') 



cit) 



(1 - tr')(i - tr V)(i - ir'i2-')(i - i2~')(i - ir'i2-')(i - ir'i2-') 



^^^^^ ^ (1 - gr^^^-^)(l - q;K-Ks~^){l - q^'s-^){l - qf^q^h-^){l - q^ q^'s-'] 

(l-s-2)(l-g-^.-l)(l-gfs-3) 
(1 - q^'s-^)il - qi\2~'s-^){l - q^'qls-^) 

C2[S) = 3 J 

(l_,-2)(i_^|,-l)(l_^|,-l) 



(gigi-i)(gfgi-i) ?i(gi-i)(g2-i) 



f^i (91 )o-i {q2)cr2 {q2)<T2 {qm) lax {q\)(y\ {q2)cr2{^^Jqi/q2)o2 (± V^) 

g2(gi-i)(g?-i) ^_ (i-gig2-2)(giV-i) 



(T2{q2)cr2{qiq2 )<y2{qiq2) o-i (51)0-1(^2 )o-2(g2 )o-2(gig2 
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A. 4 BC2{qQ,qiiq2) algebras with L = Q 

(1 - gr'ir')(i - V*2"')(i - a-H^\^){i + h-H^\^){i - a-%-^)(i + b-% 



il-s-^){l-qis-^) 



(1 + 492 - 9o '9r'92"'s-')(i - Ql^r'^l^-'] 



(l_,-2)(l_g|g|,-l) 



c(t) 
ci(s) 

C2(s) 
C3(s) 

1 i _i i 

where a = q^q^ ^^"^ ^ = Qo ^Q2 ■ 

^ {qoqm - i) (909192 - 1) ^ (92 - 90) (9092 - 1) 

^1 — '/ — ^ 7 — \ 7 — \ 7 N 7 \ ^3 



(1 + 9o ^92 - qlq^'q^ - q^ ~'q^'qls-') 



f^i (90)0-1 (9i)cri(92)(Ji(909i)f^i (91 92) o-i(909r^)o-i(9r^92)o-i (9091)^^1(91 92) 

and C2 = -Ci(9o"\9i,92"^), C4 = Ci(9o \ 91, 92) ^^^^ C5 = -(^1(90,91,92'^). Finally, 
r< _ 91-1 _ qoq2 - 1 _ I92 - 9o| 



29i9i('Zi + l) 292^2(90 + 1)(92 + 1) 292^2(90 + 1) (92 + 1) 
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